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Applying the background field method, we construct by explicit computation the 
leading-order non-local quantum correction to the on-shell effective action for 
theory in six dimensions. We then use the resulting action to obtain the non-local 
correction to the energy-momentum tensor. At leading order, we find that this non¬ 
local correction modifies the virial current when the scalar field is minimally coupled 
to gravity. This is to be compared to the classically Weyl invariant case, where it 
only corrects the traceless part of the energy-momentum tensor. 
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I. INTRODUCTION 

Energy and momentum are two very important quantities in physics. In most field 
theories, the densities of these two quantities can be concisely described by one object, the 
energy-momentum tensor; it plays a crucial role associated with the global symmetries of a 
theory. 

To study the energy-momentum tensor, it is convenient to consider a quantum field 
theory of interest in a general curved background since then the energy-momentum tensor 
is naturally defined as the composite field that is conjugate to the background metric. 
Specifically, the symmetric (Belinfante) energy-momentum tensor is defined to be the 
metric variation of the action 

T m 

Properties of the energy-momentum tensor can then be obtained by taking the fiat space 
limit of the field theory of interest. 

The energy-momentum tensor can be decomposed into two parts: the trace part 
and the symmetric traceless part. The trace part is especially important in quantum 
field theory considering that the advance of the dynamics of a quantum field theory between 
the end points of the renormalization group flow under scaling is controlled by n-point 
correlation functions of |T]. In the case where a field theory is classically scale-invariant, 
the classical trace is essentially given by 

r; = (2) 

where the possible non-vanishing is the “virial current”. If one can further show that the 
virial current is equal to a total derivative: V^{x) = dyL^'^{x), then the scale-invariant theory 
is also invariant under special conformal transformations and the energy-momentum tensor 
can be “improved” to be traceless [2] . It is believed that a Poincare-invariant interacting field 
theory that is scale-invariant but not conformally invariant must be non-unitary. However, 
the verity of the above statement has only been shown in two and four dimensions ' [I113H5]. 

In the quantum theory, the energy-momentum tensor must be regularized and an anomaly 
arises. In general, the trace of the energy-momentum tensor contains terms involving the 


^ We should note that the 4d case has only been proven in perturbation theory. 
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curvature and the terms contributing even in the flat space limit. The curvature-dependent 
terms have received much attention since Cardy’s conjecture [U] that the integral of the trace 
in even dimensions d over the sphere 

[ yislTOA (3) 


is a monotonically decreasing object along the renormalization group flow. This presumably 
puts restrictions on the low energy limit of the theory. So far, this proposal has been shown 
to be correct in two dimensions [7]. In the four dimensional case, a perturbative proof is 
given by analyzing the local renormalization group |8]. Outside of perturbation theory, only 
a weak version of the conjecture has been shown [9]. However, a challenge to this proposal 
in six dimensions has been published recently in HD]. 

In this paper, we will by contrast focus on the part of the energy-momentum tensor 
that contributes in the flat space limit. In flat spacetime, the trace anomaly of the energy- 
momentum tensor is given by 




(4) 


where is the scheme independent beta function of the renormalized coupling constants 

and C denotes the renormalized Lagrangian of the theory. Note that when there is more 
than one kind of matter held, the beta function for each coupling constant will in general 
be renormalization scheme dependent. However, the Ward identity for the flavour current 
allows one to express the trace anomaly (|^ in an unambiguous way. For more details on 
this issue, we refer to mm- 

The quantum corrections to the energy-momentum tensor itself are not as well-known 
as those to the trace part. For an interacting theory with massless particles, quantum 
effects give rise to both local and non-local contributions to the effective action. This 
occurs naturally since separated particles in spacetime are always influenced by each other’s 
long-range forces. The non-local effective action can be comprehended as the result of the 
renormalization group flows caused by integrating out the high-momentum massless degrees 
of freedom. This non-local quantum effective action induced by the long-range interactions 
mediated by the massless particles will in turn give rise to a non-local contribution the the 
energy-momentum tensor. Although the study of the energy-momentum tensor is an old 
topic, less attention has been drawn to this point. 
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In this paper, we investigate 0^ theory in six dimensions and present the non-local con¬ 
tribution to the energy-momentum tensor, to the hrst nontrivial order in the 0^ coupling 
A. Our work is motivated by a recent work by Donoghue and El-Menoufi [12], in which 
the idea originating from the study of gravitational conformal anomalies [T3| was used to 
derive the non-local effective action for scalar QED and several aspects of the low energy 
physics were explored. The 0^ theory in six dimensions is in a sense one of the simplest 
classically scale-invariant held theories with marginal interactions and the study of it has a 
long history. We refer to mdsi and references therein for issues related to the local part 
of the effective action for this theory and focus our attention on the non-local correction 
from quantum effects. Following the procedure laid out in [12], we construct the quantum 
effective action for 0^ theory within the context of perturbation theory, and show by explicit 
computation that while the correction to the trace of the energy-momentum tensor is local 
and of order A^, the leading order non-local energy-momentum tensor is of order A^. To our 
knowledge, these results have not been presented in the literature, and one goal of this work 
is intended to fill this gap. 

The rest of the paper is organized as follows. In Sec. II, some properties of 0^ theory 
in six dimensions related to Weyl symmetry are described. Most of the remarks in this 
section are well-known. Then, as a warm-up exercise, we follow the unconventional method 
of Ref. [12] to derive the trace anomaly from the variation of the non-local effective action 
under scaling in flat space. In Sec. Ill, we put 0^ theory on a curved background and 
use the background held method to construct the quantum effective action. We then used 
the resulting action to obtain the leading order non-local part of the the energy-momentum 
tensor. Related issues are discussed along the way. Our conclusions are given in the hnal 
section. Useful integrals needed for our computations are listed in appendix A. 


II. TRACE ANOMALY 

We start with the action for a real scalar held 0 minimally coupled to gravity in six 
dimensional spacetime with metric with a marginal self-interaction: 

>^min = J d^x^/\g\{^g^^'^d^(t)d^(t) - (5) 
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where A is the dimensionless coupling constant for the marginal interaction. In the flat space 
limit, the action ([^ describes a classically scale-invariant held theory. Indeed, it is obvious 
to see that the action ([^ is invariant under the scale transformations dehned by 


X 


r]x, 



( 6 ) 


Classically, this theory is also invariant under special conformal transformations, and thus is 
a conformal held theory. A simple way to realize this is using the dehnition ([^ to compute 
the trace part of the energy-momentum tensor. The result is 

t ; = -2d,(j)dy + = -Uct>\ ( 7 ) 

where □ is the Laplace operator in six dimensions and we have used the equation of motion 
for the held (t){x) to obtain the last expression. As is well-known and stated in the previous 
section, the fact that the virial current contained in ([^ is a total derivative indicates that the 
energy-momentum tensor can be “improved” to be traceless by modifying the Lagrangian 
in ([^. In this case, it is achieved by adding to the minimally coupled Lagrangian a term of 
the form RcfP'. 

The reason for the non-vanishing result Q is due to the fact that the minimally coupled 
action ([^ is not invariant under the local Weyl transformations dehned by 

t (j){x) —^ (8) 

Instead, the modihed action^ dehned by 

= Srmn + i j d^X^\R4>'^ ( 9 ) 

is invariant under Weyl transformations with the choice ^ and thus the trace of the 

energy-momentum tensor vanishes in this case. In fact, in terms of the manifestly Weyl 
invariant metric dehned by 

g^iu = (pg/iui ( 10 ) 

the modihed action with can be rewritten as the Weylxdiheomorphism invariant 

Einstein-Hilbert action for g: 

= ( 11 ) 


^ Marginal interactions R'^cj) and RSJ^cj) are irrelevant to the discussion in this paper and are therefore 
neglected. 
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where A = — |A is the dimensionless “cosmological constant” . 

We now proceed to derive the trace anomaly for theory in flat space by using the 
uncustomary method elaborated in [12]. It starts with the computation of the effective 
action, denoted by F. After obtaining F, the trace anomaly follows directly from the variation 
of the non-local F under scaling. 

We begin by splitting the scalar field 0 into a classical part 0c and a quantum fluctuation 

C: 

= (j)c{x) + C{x). (12) 


Expanding the Lagrangian C for 0^ theory in flat space about 0c and keeping only the terms 
up to quadratic order in ( for our purposes, we have 




(13) 


Note that we have dropped terms linear in by applying the classical field equation. Ac¬ 
cording to the background held method, the lowest-order quantum effective action denoted 
F*^^\ obtained by integrating out C, is given by 


= j d^xC[4>c] + ^In + j 


(14) 


where SC contains all the counterterms to be determined by the renormalization conditions. 


From the terms quadratic in in (13), we have 

S^C 


S(l)S(t) 


= □ -|- A0C. 


(16) 


After expanding the functional determinant in powers of the coupling A and neglecting the 
irrelevant constant independent of A and 0c, we have 

= [ d®a;(£[0c] + (5£) + ^Tr[^A0c-^^A0c^A0c+^^A0c^A0c^A0c+ ....]. (16) 


To compute the terms in the expansion in (16), we adopt dimensional regularization to 
evaluate the integrals in d = 6 — e dimensional spacetime. In this scheme, the massless 


tadpole graph, corresponding to the hrst term in the trace in (16), can be taken to vanish. 
The hrst two contributing terms correspond to the Feynman diagrams shown in Fig. 1. 

At this point, it should be noted that in principle the ehective action can contain com¬ 
pletely new interactions. However, it is known that the trace anomaly arises from the sub¬ 
traction of divergences from quantum ehects and thus only divergent diagrams contribute 
it. At leading order, such diagrams are nothing but the ones shown in Fig. 1. 
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FIG. 1: Leading order Feynman diagrams corresponding to the divergent terms in the expansion 


of the functional determinant in (16) 


We now compute the divergent terms in the expansion of the functional determinant 
explicitly. The term of order is 

d^k 


-Tr[— X(pc —A0cl =-I 

2 ^ 2 J (27r)6 


(j)c{k)(j)c{-k)l2{k), 


(17) 


where (pdk) is the Fourier transform of (pdx) and the bubble integral hik) is given by 

dH 1 


Hk) = 


(27r)6/2(A; + /)2- 


(18) 


Using the formula (Al) shown in Appendix A, we obtain 

dX’k 




A" 


(2ir) 




(19) 


where 4 = — 7 + IndTr. 

The term of order is 

^Tr[^A0e^A0c^A0e] = -y J ^^^^MPl)MP2)MP3)h{PuP2), 

where Pi + P 2 + P 3 = ^ and the triangle integral I{pi,p 2 ) is dehned by 

d^l 1 


h{Pi,P 2 ) = 


Applying the formula (|A2|), we have 

i 




A^ 


(27r)6/2(/ +Pi)2(/ -P 2 Y' 


d^Pi d^p 2 


( 20 ) 


( 21 ) 


(2^6 ^ 2 T^Y^^iPi^^c{.P 2 )^dP?i) Q - In(-Si2) + hnitej , 

( 22 ) 

where we have dehned the Mandelstan variable S12 = (pi +^2)^- Note that the hnite part 


in (22) is invariant under scaling. This fact can be seen clearly from its explict form in (A3) 


and (A4). 



















After absorbing the divergences of these two diagrams into the counterterms 5C in (16) 


using the modihed minimal subtraction scheme, we obtain from the results (19) and (22) 


the following expression for the renormalized effective action that violates scale symmetry, 
in position space: 


r<‘>[4] = 




24(47r)3 

1 

16 (47r)^ 


(fxd^y (I)c{x){x\\ti [^)\y) (□0c(2/) + 2A0^(|/)) + (scale inv. part) 


d^x (j)c{x)\n ( — ) + (scale inv. part), 


(23) 


where in the last step we have used the equation of motion for the held 0c. Using this 
non-local result, we can now derive the trace anomaly. Explicitly, under the scale transfor¬ 
mation , we see that 

In □ —> In □ — 2 In rj, (24) 

and so the renormalized effective action ( [2^ transforms as 

r^^^[0c] —t = J d^xc' = r(^)[0c] - j ( 25 ) 

Notice that the scale transformations (|^ is equivalent to the global Weyl transformations 


9^lly 




0(a;) 


r] 0(x). 


(26) 


Using this fact and the dehnition ([^ of the energy-momentum tensor, it is straightforward 
to show that in the hat space the anomaly induced by the quantum correction is given by 


T^^ _ 


sc o,.,9C[4,, 

01n 7] 8 ydvr J dX 


(27) 


where /9(A) = —1(^)^ is the beta function for the coupling constant A. In the last step, we 
have reexpressed the result in the usual form (|^. 

As pointed out in [12], this derivation shows transparently that the trace anomaly does 
not follow from any local physics and is an infrared ehect. The violation of scale invariance 
has its source in the non-local terms of the ehective action, which are in turn due to the 
long-range interactions mediated by the massless degrees of freedom in loops. 


III. NON-LOCAL ENERGY-MOMENTUM TENSOR 


When using a local Lagrangian in the action functional as a starting point of a quantum 
held theory, we have presuppose the locality of the classical energy-momentum tensor of the 
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theory. However, as we have seen in the previous section, quantum effects can induce non¬ 
local corrections. In particular, we computed the lowest-order non-local effective action for 
0 ^ theory in flat space and used it to derive the trace anomaly. At this point, it is natural to 
raise the question: what is the non-local quantum correction to the energy-momentum tensor 
besides the trace part? The most convenient way to answer this question is to generalize 
the analysis of the previous section by considering the field theory of interest in the curved 
background. In the remainder of this section, we will use this strategy to determine the 
leading-order non-local correction to the energy-momentum tensor of 0^ theory and show 
that it is of order A^. 

Let us start with the action 0. First, it is useful to expand the metric about the 
flat metric + h^y. The convention for rj^y has signature 

Keeping only the terms up to linear order in the action ([^ takes the form 

(28) 

where h = Given the definition Q, the terms linear in allows us to read the 

classical energy-momentum tensor denoted by directly: 

= d^,^dy^ - g^y(^dp(l)df’(t) - ^^0^) + - dpdy)(f)'^. (29) 


We note that in the classically Weyl invariant case, the last term in (29) corresponds to the 
improvement term that renders the classical energy-momentum tensor traceless |2]. 

To derive the lowest-order quantum correction, we again use the background field method 
as in the previous section and integrate over the fluctuating quantum field C in the presence 


of the classical background field cj)^, defined in (12). After performing the path-integral, the 
effective action for the field to one-loop order, is given by 


= 5'^ [0c] + ^lndet[n -|- n] -|- J dPxSC , 

where 


(30) 


V = A(0, + hc^,) - {dph^dy - h^'^dpdy + ^{{dph)d>’ + hn) + 2aah - dpdyhn (31) 

and 5C! is the counterterm Lagrangian. In the following analysis, we will evaluate the 
functional determinant on-shell. 
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The Feynman diagrams correspond to the terms linear in in the expansion of the 
functional determinant Indetp + n], up to order A^, are shown in Fig. 2. Fig. 2a and Fig. 
2 b are massless tadpole diagrams and thus vanish in dimensional regularization scheme. 
The only term of order A left to be evaluated in the functional determinant is the one 
corresponding to the diagram shown in Fig. 2c. It reads 


- Tr 
= -A 


^A0,^ + \{{dph)dP + hU) + 2i{Uh - 

f (fp 


{2n) 




(32) 


where h^v{p) is the Fourier transform of hfj,y{x) and we have defined the integral 




dH 


(27r)® ^{1 + pY Y 




+ n- - -1 + 1^) + 2i(jfp--pTf') 


(33) 


Note that the factor (—1) in (32) is from the expansion and the factor | from the power 
series of the logarithm cancels the factor 2 from interchanging the vertices. The computation 
of the integral I^^{p) by means of standard steps in dimensional regularization gives 


djnl? 


(47r)'^/2^^^ 2^ I F(d) 


F(d-2) 


(_p2)2 


which vanishes because of the on-shell condition. Thus the quantum correction to the on- 
shell effective action is zero up to order A. We note in passing that this diagram, in spite 
of having a positive superficial degree of divergence, is finite for off-shell scalar p in the 
classically Weyl invariant case where ■C = pj- The fact that for some Feynman integrals the 
degree of divergence is lower than the one based on power counting because of symmetry 
is not atypical. For instance, in QED it is known that the one-loop Fermion self-energy 
is logarithmically rather than linearly divergent because of Lorentz invariance. Here the 
diagram shown in Fig. 2c is finite at ^ = T because of Weyl invariance. 

We next consider the terms of order A^, which correspond to Fig. 2d and Fig.2e. The 


term in (30) which corresponds to Fig. 2d reads 

dPp d^p' 


-Tr 




w 
' 2 


(27r)® (27r)® 


Mp')M-p)hfp^{k)r]>^‘' hip'), (35) 


where = p^ — p''^ and hip') given by (Al). This term vanishes again due to the on-shell 
condition. 
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FIG. 2; Feynman diagrams corresponding to the expansion of lndet[n + f], up to order A^. The 
external solid, internal solid and dashed lines stand for (pc, C respectively. 


Finally, we will show that the only contribution to the on-shell effective action up to 
order A^ conies from the diagram shown in Fig. 2e. Explicitly, the term in the functional 
determinant corresponding to Fig. 2e takes the form 


Tr 

= -A^ 


111 
(fp (fp' 


-A0e-A0eH + -iidph)dP + hO) + 2anh - 

Mp')M-p)h^^{k)I'^'' {p,p'), 


(27r)6 (27r)6 

where again = p^^ — p'^ and I^''{p,p') is defined by 


(36) 




-P-(k-(l+ p') + (; + p'f) + 2a*:'‘V - 


(37) 


After introducing Feynman parameters to combine the denominators, shifting the integration 
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variables, and performing the momentnm integral, we obtain 




"i-y 


dy 




{27 iY (/' + xyk^Y 


{x{x — i)p^p'^ + y{y — i)p^p‘' 




+xyp'^p'' + (1 — j/)(l — x)p^p^ + — y){l — x) + xy] 


(dvr)'^/' 


* 2^(3 - +py) + — —p^p' 


rf- - 

V2 / 


r(f-i)2 ^ r(f-2) 


+ 


r(d-1) 

2\ r(|-2)r(|) 




r(d-i) 

1 1 


+2e 


r(d-i) r(d-2) 

Ffd _ 2)'^ 

T{d-3)^ ' 2{47iy/^ 


AT{d-2) \^(f-l)2 

r(2-|)r(|-i)r(|) 


d o 

2 ^ 




r(d-1) 


( —fc^)2 


(dvr) 


12 ^ 


- — In (—] {p^p’^ + p'^p'’") 




— -2^ 
2 d ^ 


- — In (— {p^p’' + p^p”^) 

^- — In (—A:^)^ p ■ p'p^^ + finite ]. 


(38) 


In the derivation of this resnlt, we have nsed the on-shell condition p'^ = p‘^ = 0 and 


p-p' = — Y- After renormalization in modihed minimal snbtraction scheme^, the resnlts (36) 


and (38) allow ns to write down the leading order non-local correction to the on-shell effective 
action. We will denote this correction by In position space, it reads 


rgonlocal = -^ / d^xh^'^{x)T,^{x\ 


(39) 


where 


Tf,u{x) = 


(dvr) 








- 2^^ (l){x)dpdy(l){x) -h f ^ - 2^^ dp(l){x)dy(l){x) 


(40) 


is the non-local correction to the energy-momentnm tensor. 


With onr results (39) and (dO), we will now consider two special cases by choosing two 
different values of the parameter For ^ = 0 where the scalar 0 is minimally coupled to 
gravity, the induced non-local contribution to the energy-momentum tensor takes the form 

^ fS) {\(t>{x)dpd^(i){x) + ]^dp4>{x)d^4>{x) - ^pp^dp(t){x)dP4>{x'^ (dl) 


Tpy{x) = 


2 (dvr 




^ For details on the renormalization of (jP theory in curved spacetime, see [Min]- 
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from which it follows that 




(42) 


2(47r)3 

To obtain this result, we have used the integration by parts and the on-shell condition. It is 
not difficult to see that this in fact corresponds to the non-local quantum correction to the 
virial current. The modihcation of the trace of the energy-momentum tensor from non-local 
quantum effect is also observed in na for the minimally coupled massless scalar QED. 


For the classically Weyl invariant case with the correction (40) reads 

X2 /n\ / 

Tf,u{x) = 


^ \n((3df,(j){x)d^(j){x) - 2(j){x)d^d^(j){x) - ^r]f,„dp(j){x)dy{x) ) .(43) 


60(47r 




Note that terms in parenthesis in (43) is proportional to the order-A° part of the classical 


energy-momentum tensor (29) at .^ = after taking the one-shell condition. Thus the non¬ 


local correction (43) is traceless on-shell and only contributes to the symmetric traceless 
part of the energy-momentum tensor. The fact that this order-A^ result does not modify the 
trace of the energy-momentum tensor is consistent with the expression of the trace anomaly 


shown explicitly in (27), which says that the trace anomaly of the energy-momentum tensor 
is of order A^. 


IV. CONCLUSION 


Although 0^ theory is not an interesting theory from the phenomenological point of 
view, it serves as an intriguing theoretical model for one to probe and gain a deeper insight 
into the nature of quantum held theory. In this paper, we studied massless 0^ theory in 
six-dimensional curved spacetime and used the background held method to construct the 
non-local quantum correction to the on-shell ehective action. These non-local corrections 
are induced by massless degrees of freedom propagating long distances in loops. We show 
by explicit evaluation in perturbation theory that the lowest-order non-local correction is 
of order A^. As an application, the resulting ehective action is used to obtain the non-local 


contribution to the energy-momentum tensor. Our results are expressed in (39) and (40) 


One key observation from our results is that for a scalar minimally coupled to gravity, the 
trace of the energy-momentum tensor is corrected via the modihcation of the virial current 
by this non-local ehect. On the contrary, if the scalar couples to gravity in a classically 
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Weyl invariant way, then only the traceless part of the energy-momentnm tensor is affected 
at this order. The implications of these results remain to be explored. 
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Appendix A: Useful Integrals 


Here we list explicit forms for the massless bubble and triangle integrals in d = 6 — e 
dimensional flat space needed to derive the trace anomaly in Sec. II. For calculational details 
leading to these expressions, see dHiiin]. 


hik) 


[ d^l 1 ^ ^ . _ d Til-iy 

J {27rY P{k + l)^ (47r)'^/2 ^ 2^F(d-2) 

0 - ^ + Indvr + ^ - In {-k^) + 0(e) 



(Al) 


h{pi,P2) = 


dH 


{2t^Y + PiY{^ - P 2 Y 


2(47r)3-C2 

Here we have dehned 


p\h[xi] +plh[x2\ 


F(1-|)2F(1 + |) /2(-si 2)-^A 
F(l-e) 


+ 3 


2 ) 


Hxi] = ^ (^pI{si 2 + pI - pl)h[Y + {pI+pI - Si 2 )hr - 2pl\i-i > (A3) 

G[l] = |^ln(a+a") In Q ^ + 2Li2(a+) - 2Li2(a")^ (A4) 

with Li 2 being the dilogarithm function, A = —Pi — P 2 ~ -^12 + 

2 PiP 2 + 2 p?si 2 + 2 p 2 Si 2 - d 3 [x 2 ] IS obtained from / 3 [xi] by exchanging pi and p 2 - 
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